Abstract. Koszul duality and covering theory are combined to realise the bounded derived category D of an algebra with radical square zero as a certain orbit category of the bounded derived category of finitely presented representations of an associated infinite quiver. As a consequence, the possible shapes of the connected components of the Auslander-Reiten quiver of D are described.
Introduction
Let Q be a finite connected quiver and A be the algebra with radical square zero associated to Q. The bounded derived category D b (mod A) of finite-dimensional right A-modules was studied in [1, 3] using quiver representations and in [6] using free boxes. In this paper we provide a third approach which is similar to but more structural and less explicit than the approach in [1, 3] : by Koszul duality D b (mod A) is triangle equivalent to the perfect derived category of a graded hereditary algebra, which, by covering theory, is equivalent to a certain orbit category of the derived category of representations over an infinite quiver. More precisely, we construct an infinite quiver P with a quiver-automorphism σ and establish a triangle equivalence
where rep + (P ) is the category of finitely presented representations over P , Σ is the suspension functor, σ * is the pull-back along σ and the category on the left is the orbit category of D b (rep + (P )) with respect to the automorphism Σ(σ * ) −1 . This reduces the study of D b (mod A) to the study of the representation theory of P (representation theory of infinite quivers is studied in [4] ). In particular, the above equivalence induces a bijection between the set of isomorphism classes of finitely presented indecomposable representations over P and the set of isomorphism classes of indecomposable objects of D b (mod A). The quiver P is opposite to the quiver Q ✷ in [6, Section 2] and is the quiver Q Z in [2, Section 7] . Let r ∈ N ∪ {0} be the grading period of Q (which measures how far Q is from being gradable, see Section 3.1 for the precise definition) andQ be the minimal gradable covering of Q in the sense of [1] . If r = 0, thenQ = Q and P is the disjoint union of Z copies of Q; if r ≥ 1, then Date: August 12, 2018. P is the disjoint union of r copies ofQ. As a consequence, when r = 0, there is a triangle equivalence
when r ≥ 1, there is a quiver-automorphism s ofQ and a triangle equivalence
The latter equivalence clarifies further the relationship between D b (rep + (Q)) and D b (mod A), which was first studied in [1, 3] . As a consequence, we can use the general results on representation theory of infinite quivers established in [4] Throughout this paper let k be a field.
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Orbit categories
In this section we discuss orbit categories. Results in Sections 2.1 and 2.2 will be used in Section 4.3: there is a quiver P which is the disjoint union of copies of another quiverQ; we will apply Lemmas 2.1 and 2.2 to identify a certain orbit category associated to P with a suitable orbit category associated toQ. Results in Section 2.3 will be used in Section 4.4 to describe the possible shapes of the connected components of the Auslander-Reiten quiver of the bounded derived category of an algebra with radical square zero.
Let A be an additive k-category and Φ be a k-linear auto-equivalence of A. Let A/Φ be the orbit category of A with respect to Φ ( [11] ): it has the same objects as A, and the morphism space from X to Y is defined by
If A is idempotent complete, so is A/Φ. In this case, an object X is indecomposable in A if and only if it is indecomposable in A/Φ. Let π = π A : A → A/Φ denote the projection functor.
2.1. Fix r ∈ N and let B be the direct sum of r copies of A. Precisely, the objects of B are r-tuples (X 0 , . . . , X r−1 ) of objects of A, and for two objects (X 0 , . . . , X r−1 ) and (Y 0 , . . . , Y r−1 ) the morphism space is
For 0 ≤ i ≤ r − 1, let A i be the full subcategory of B consisting of the objects (X 0 , . . . , X r−1 ) with X j = 0 for j = i. Clearly A i is isomorphic to A. Let Ψ be a k-linear auto-equivalence of B which restricts to equivalences Ψ i : A i → A i+1 for 0 ≤ i ≤ r − 1 (where the indices are read modulo r). Then Ψ r restricts to a k-linear auto-equivalence of A 0 , which induces a k-linear auto-equivalence of A. Let Φ be this auto-equivalence (in some sense Ψ is an r-th root of Φ). Let ι : A → A 0 → B be the embedding of A into B as the 0-th component. Then Ψ r ι = ιΦ.
Lemma 2.1. There is a commutative diagram of k-linear functors
whereῑ is an equivalence.
Proof. We defineῑ : A/Φ → B/Ψ: on objectsῑ(X) = ι(X) and on morphisms
It is fully faithful because ι is fully faithful and Hom B (ι(X), Ψ p ι(Y )) = 0 unless p is a multiple of r. Moreover, for an object (X 0 , . . . , X r−1 ) of B there exist X
Soῑ is dense. Therefore,ῑ is a k-linear equivalence. The commutativity of the diagram is clear from the definition ofῑ.
2.2. Let B be the direct sum of Z copies of A. Precisely, the objects of B are Z-tuples (X i ) i∈Z of objects of A, where all but finitely many X i are 0, and for two objects X = (X i ) i∈Z and Y = (Y i ) i∈Z the morphism space is
For i ∈ Z, let A i be the full subcategory of B consisting of the objects X = (X j ) j∈Z with X j = 0 for j = i. Then A i is isomorphic to A. Let Ψ be a k-linear autoequivalence of B which restricts to equivalences Ψ i : A i → A i+1 for all i ∈ Z. Let ι : A → A 0 → B be the embedding of A into B as the 0-th component.
Lemma 2.2. The compositionῑ
Proof. On morphismsῑ is the embedding
This is an isomorphism because ι is fully faithful and Hom B (ι(X), Ψ p (ι(Y ))) = 0 unless p = 0. Soῑ is fully faithful. Moreover, for an object (X i ) i∈Z of A, there exist X
) (note that this is a finite direct sum), which is isomorphic to ι( i∈Z X ′ i ) in B/Ψ. Soῑ is dense. Therefore,ῑ is an equivalence.
Assume that
A is a Hom-finite Krull-Schmidt triangulated k-category and Φ is a k-linear triangle auto-equivalence of A. Assume further that -A/Φ is triangulated such that π : A → A/Φ is a triangle functor; -for any objects X and Y of A, the space Hom A (X, Φ p Y ) vanishes for almost all p ∈ Z. We remark that the first assumption is very strong. It is satisfied in the hereditary situation, see [11, Theorems 1 and 6] . In general A/Φ is not triangulated. However, if A is algebraic (i.e. A is triangle equivalent to the homotopy category of a pretriangulated dg category) and Φ admits a dg lift, then there is a triangulated k-category A/Φ, called a triangulated hull of A/Φ, such that A/Φ embeds into and generates A/Φ and π extends to a triangle functor A → A/Φ, see [11, Sections 5 and 9] .
It follows from the assumptions that A/Φ is Hom-finite and Krull-Schmidt, and there is a one-to-one correspondence between Φ-orbits of isomorphism classes of indecomposable objects of A and isomorphism classes of indecomposable objects of A/Φ. Moreover, the image of an Auslander-Reiten triangle in A under π is an AuslanderReiten triangle in A/Φ, and up to isomorphism all Auslander-Reiten triangles in A/Φ are of this form. Therefore, the Auslander-Reiten quiver of A/Φ is the orbit quiver of the Auslander-Reiten quiver of A under the automorphism induced by Φ. We remark that here we do not require that Auslander-Reiten triangles exist for the whole category A.
Quivers and derived categories
In this section we recall the basic definitions and notation on graded quivers and derived category of dg modules.
3.1. Quivers. Let Q be a graded quiver (we consider an (ungraded) quiver as a graded quiver whose arrows are in degree 0). We denote by Q 0 the set of vertices of Q and Q 1 the set of arrows of Q. For α ∈ Q 1 , denote by s(α) and t(α) the source and the target of α, respectively, and denote by |α| the degree of α. For each i ∈ Q 0 , we have a trivial path e i of degree 0 with s(e i ) = t(e i ) = i. For α ∈ Q 1 , we introduce its formal inverse α Assume that Q is finite, i.e. both Q 0 and Q 1 are finite sets. A non-trivial path of Q is a walk α m · · · α 1 , where all α l are arrows. It is of degree |α 1 | + . . . + |α m |. The path algebra kQ of Q is the graded k-algebra which has all paths of Q (including the trivial paths) as basis and the multiplication is given by concatenation of paths. So the degree p component of kQ has all paths of degree p as basis. The complete path algebra kQ of Q is the completion of kQ in the category of graded k-algebras with respect to the J-adic topology, where J is the ideal of kQ generated by all arrows. So the degree p component of kQ consists of (possibly infinite) sums of all paths of degree p. For example, the complete path algebra of the Jordan quiver with the unique arrow in degree 2 is isomorphic to the graded polynomial algebra k[x] with x in degree 2. We refer to [7, Section II.3] for the theory on completions of graded rings.
3.2. Derived categories. Let A be a graded k-algebra, which is viewed as a dg k-algebra with trivial differential. Denote by D(A) the derived category of right dg A-modules (for example, graded right A-modules are right dg A-modules). It is a triangulated k-category with suspension functor Σ being the shift of complexes. See [10, 12] . 4. The derived category of an algebra with radical square zero
In this section we combine Koszul duality and covering theory to construct two quivers P andQ and describe the derived category D of an algebra A with radical square zero as certain orbit categories of derived categories of representations over P andQ. Moreover, we use the work [4] to describe the possible shapes of the connected components of the Auslander-Reiten quiver of D.
Fix a finite graded quiver Q. Let J be the ideal of the path algebra kQ generated by all arrows and let A = kQ/J 2 . We denote byJ the image of J in A under the surjective homomorphism kQ → A. Let K = kQ 0 , which is the direct product of finitely many copies of k. It is a subalgebra of A and also there is a surjective homomorphism A → A/J = K. We view K as a graded right A-module via this homomorphism and denote it by S to avoid confusion.
Recall from Section 3.2 that D(A) denotes the derived category of right dg Amodules. We emphasise that here we consider A as a dg algebra with trivial differential. We are interested in the thick subcategory D = thick(S) of D(A) generated by S, in particular, a description of the category in terms of quiver representations. If all arrows of Q are in positive degrees (respectively, non-positive degrees), it follows from [17, Lemma 4.3] (respectively, [9, Proposition 2.
This case was studied in [1, 6] . Consider the tensor algebra
where J is viewed as complex with trivial differential and [1] is the shift of complexes.
, that is,
where T denotes the complete tensor algebra. This is a dg k-algebra whose multiplication is given by the tensor product and whose differential is induced by the multiplication ofJ. Since the multiplication ofJ is trivial, it follows that the differential of A * is trivial. For example, if Q is the Jordan quiver with the unique arrow in degree −1, then A * is isomorphic to the graded polynomial algebra k[t] with t in degree 2.
By [16, Lemma 3.7] , there is a homotopically projective resolution pS of S such that there is a quasi-isomorphism from A * to the dg endomorphism algebra of pS. Thus it follows from [10, Lemma 10.5, the "exterior" case] that the triangle functor
restricts to a triangle equivalence 
is indecomposable if and only if its image in D is indecomposable) and induces a bijection on the isomorphism classes of objects.
Proof. It suffices to show that the composition of the first two functors has the desired property. First, both the first two functors detect indecomposability. Secondly, let M be an object of D b (grmod( kQ gr.op )). Then there exist M 1 , . . . , M n ∈ grmod( kQ gr.op ) and a 1 , . . . , a n ∈ Z such that M is isomorphic to Σ
such that f g = id N and gf = id M . Since kQ gr.op is graded hereditary, we have f p = 0 and g p = 0 unless p = 0, 1. It follows that f 0 g 0 = id N and g 0 f 0 = id M , namely, M and N are isomorphic in grmod( kQ gr.op ). This completes the proof.
In general the category D is not Hom-finite. 
4.3.
The description of D in terms of quiver representations. Throughout this subsection, we assume the equivalent definitions (i), (ii), (iii) and (iv) in Lemma 4.3. Condition (iii) implies that Q has no oriented cycles of virtual degree 0, i.e. oriented cycles whose length and degree are equal. These four conditions are satisfied in the following two cases:
-all arrows of Q are in non-positive degrees; -all arrows of Q are in positive degrees and there are no oriented cycles of virtual degree 0, for example, if all arrows of Q are in degrees ≥ 2.
Recall that in these two cases D = D f d (A). In this subsection we improve and generalise some results of [1, 6] on the study of D, which focus on the case when Q is concentrated in degree 0. More precisely, we will construct two (ungraded) quivers P andQ and realise D as a certain orbit category of the bounded derived category of finitely presented representations of P (respectively,Q). We point out that the constructions of P andQ and Lemmas 4.4, 4.6 and 4.10 work for arbitrary Q; however, in general P andQ are not strongly locally finite.
We first define the quiver P , which is infinite. Its vertices are pairs (i, j), where i ∈ Q 0 and j ∈ Z. Its arrows are of the form (α, j) : (s(α), j) → (t(α), j + d(α)), where α ∈ Q 1 .
Lemma 4.4. Let i, i
′ ∈ Q 0 and j, j ′ ∈ Z. The map (α, j) → α defines a bijection from the set of arrows in P from (i, j) to (i ′ , j ′ ) to the set of arrows in Q from i to i ′ of virtual degree j ′ − j. It extends to a bijection from the set of paths (respectively, walks) in P from (i, j) to (i ′ , j ′ ) to the set of paths (respectively, walks) in Q from i to i ′ of virtual degree j ′ − j.
As a consequence of Lemma 4.4, P has no oriented cycles because Q has no oriented cycles of virtual degree 0; and P is a strongly locally finite quiver in the sense of [4] . The assignments (i, j) → (i, j + 1) and (α, j) → (α, j + 1) define a quiver-automorphism σ of P . 
. . . . . .
and σ is shifting to the right by one step.
Let Rep(P ) denote the category of representations of P over k and rep + (P ) (respectively, rep − (P )) denote the full subcategory of finitely presented representations (respectively, finitely co-presented representations), see [ Proof. We define the isomorphism on objects only. For M ∈ grmod kQ gr.op , the corresponding representation V of P is defined by
where α op is the arrow of Q gr.op opposite to α.
It follows from this lemma and the results in Section 4.2 that the orbit category
is naturally triangulated such that the projection functor 
detects indecomposability and induces a bijection on the isomorphism classes of objects.
Let ν P : proj(P ) → inj(P ) be the Nakayama functor given in [4, Proposition 1.19], which is an equivalence. It extends to a triangle equivalence H b (proj(P )) → H b (inj(P )) of bounded homotopy categories. Since both rep + (P ) and rep − (P ) are hereditary, the natural embeddings
are both triangle equivalences. It follows that there is a triangle equivalence ν :
, which commutes with the pull-back σ * because ν P commutes with σ * . So the orbit category
is a triangle functor. Moreover,
Corollary 4.8. (a) There is a triangle equivalence
D b (rep − (P ))/Σ(σ * ) −1 −→ D. (b) The composition rep − (P ) → D b (rep − (P )) → D b (rep − (P ))/Σ(σ * ) −1 → D
detects indecomposability and induces a bijection on the isomorphism classes of objects.
Assume in the rest of this subsection that Q is connected. We fix a vertex i ∈ Q 0 and define the quiverQ. The vertices ofQ are equivalence classes of walks of Q whose source is i, where two walks are equivalent if their targets are the same and they have the same virtual degree. The equivalence class of a walk u is denoted by [u] . The arrows ofQ are of the form α 
Let r be the grading period of Q. For the graded quiver in Examples 4.5 and 4.9, the grading period is 2 and P is the disjoint union of 2 copies ofQ. This is a general phenomenon.
Lemma 4.10. If r = 0, thenQ is isomorphic to Q as an ungraded quiver and P is isomorphic to the disjoint union of Z copies of Q. If r ≥ 1, then P is isomorphic to the disjoint union of r copies ofQ.
Proof. For j ∈ Z let P j be the connected component of P containing the vertex (i, j). Then the quiver-automorphism σ of P restricts to quiver-isomorphisms P j → P j+1 for any j ∈ Z. Moreover, since to every vertex of Q there is a walk from i, it follows by Lemma 4.4 that to every vertex of P there is a walk from (i, j) for some j ∈ Z. Therefore, P = ∪ j∈Z P j . We show thatQ is isomorphic to P 0 . Define a quiver-morphism ρ :
. This map is injective on both vertices and arrows because an equivalence class of walks is determined by its target and its virtual degree. By Lemma 4.4, (i ′ , j) is a vertex of P 0 if and only if there is a walk u in Q from i to i ′ of virtual degree j. In this case, (i ′ , j) = ρ([u]). Moreover, (α, j) is an arrow of P 0 if and only if (s(α), j) is a vertex of P 0 if and only if there is a walk u in Q from i to s(α) of virtual degree j. In this case, (α, j) = ρ(α [u] ). Therefore, the image of ρ is exactly P 0 and ρ induces a quiver-isomorphism fromQ to P 0 . (1) Assume that r = 0. Then it follows from Lemma 4.4 that for j = 0 the vertex (i, j) does not belong to P 0 , because there are no closed walks in Q at i of virtual degree j. So P j is different from P 0 for j = 0 and by applying the quiverautomorphism σ we deduce that the P j 's (j ∈ Z) are pairwise different but all of them are isomorphic toQ. So P is isomorphic to the disjoint union of Z copies ofQ.
Moreover, for any vertex i ′ of Q, all walks from i to i ′ are of the same virtual degree. Therefore an equivalence class of walks is determined by its target. It follows that the quiver-morphismQ → Q, [u] → t(u), α
[u] → α is an isomorphism. As a consequence, P is isomorphic to the disjoint union of Z copies of Q.
(2) Assume that r ≥ 1. Then it follows from Lemma 4.4 that for j ∈ Z the vertex (i, j) belongs to P 0 if and only if j is a multiple of r, because all closed walks in Q at i are of virtual degree a multiple of r. So P j = P 0 if and only if j is a multiple of r and by applying the quiver-automorphism σ we deduce that P j = P j ′ if and only if j − j ′ is a multiple of r. Hence P is the disjoint union of P 0 , . . . , P r−1 , all of which are isomorphic toQ. Therefore P is isomorphic to the disjoint union of r copies of Q. We identifyQ as the connected component P 0 of P containing the vertex (i, 0) via the quiver-morphism ρ defined in the proof of Lemma 4.10.
Assume that r = 0. We identify Q withQ. Then Q has no oriented cycles and P is the disjoint union of
Here we forget the grading on Q and denote by rep(Q) the category of finite-dimensional representations over Q. It follows from Lemma 2.2 that the composition
where the first functor is extension by 0, is a triangle equivalence. So by Corollary 4.7 we have the following corollary. 
where the top horizontal functor is extension by 0, the vertical functors are the projection functors and the bottom functor is an equivalence. Thus on
there is a triangle structure such that the above diagram becomes a commutative diagram of k-linear triangle functors. Similarly, there is a commutative diagram of k-linear triangle functors
where the top horizontal functor is extension by 0, the vertical functors are the projection functors and the bottom functor is an equivalence. The next result follows from Corollaries 4.7 and 4.8. Proof. The equivalence between (3) and (4) is well-known. (3)⇒(1): Assume that P has a left infinite path. Because Q 0 is finite, there is an i ∈ Q 0 and j, j ′ ∈ Z such that there is a non-trivial path in P from (i, j) to (i, j ′ ). By Lemma 4.4, there is a non-trivial path in Q from i to i, namely, an oriented cycle of Q at i.
(1)⇒(3): Assume that Q has an oriented cycle at a vertex i. Then by Lemma 4.4 there exist j, j ′ ∈ Z such that there is a non-trivial path u from (i, j) Q) ). In the rest of this subsection we assume that r ≥ 1. Recall that P andQ are strongly locally finite infinite quivers with quiver-automorphisms σ and s, respectively. Let 
where the first functor is the canonical embedding, the second functor is the projection functor and the third functor is the triangle equivalence in Corollary 4. 
